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Dynamic Multichannel Access With Imperfect
Channel State Detection
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Abstract—A restless multi-armed bandit problem that arises in
multichannel opportunistic communications is considered, where
channels are modeled as independent and identical Gilbert–Elliot
channels and channel state detection is subject to errors. A simple
structure of the myopic policy is established under a certain con-
dition on the false alarm probability of the channel state detector.
It is shown that myopic actions can be obtained by maintaining
a simple channel ordering without knowing the underlying Mar-
kovian model. The optimality of the myopic policy is proved for
the case of two channels and conjectured for general cases. Lower
and upper bounds on the performance of the myopic policy are
obtained in closed-form, which characterize the scaling behavior
of the achievable throughput of the multichannel opportunistic
system. The approximation factor of the myopic policy is also
analyzed to bound its worst-case performance loss with respect to
the optimal performance.

Index Terms—Cognitive radio, dynamic multichannel access,
myopic policy, restless multi-armed bandit.

I. INTRODUCTION

A. Dynamic Multichannel Access

W E consider the following stochastic optimization
problem that arises in multichannel opportunistic

communications. Assume that there are

channels and subsequently
access those channels sensed to be in the good state. Sensing
is subject to errors: a good channel may be sensed as bad and
vice versa. Accessing a good channel results in a unit reward,
and no access or accessing a bad channel leads to zero reward.
The design objective is the optimal sensing policy for dynamic
channel selection to maximize the expected long-term reward.

B. Restless Multi-Armed Bandit and the Myopic Policy

policy, which maximizes the expected immediate reward while

ignoring the impact of the current action on the future, has

a simple structure when the false alarm probability of the

channel state detector is below a certain value. This structure
is semi-universal: it is independent of the Markovian transition
probabilities except the order of

and (i.e., the sign of
the correlation between the channel states in two consecutive
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slots1). The myopic policy can thus be implemented without
knowing the transition probabilities except their
order, and it automatically tracks variations in the channel
model provided that the order of and remains un-
changed. Furthermore, we show that with such a simple and
robust structure, the myopic policy achieves the optimal perfor-
mance for . Numerical examples2 suggest its optimality
for the general case of .

To analytically characterize the performance of the myopic
policy for , we develop closed-form lower and upper
bounds on the steady-state throughput achieved by the myopic
policy. The lower bound monotonically approaches to the upper
bound as the number of channels increases. This result thus
de�nes the limiting performance of the myopic policy asap-
proaches to in�nity. Furthermore, by analyzing a genie-aided
system which provides an upper bound on the optimal perfor-
mance, we characterize the approximation factor of the myopic
policy to bound the worst-case performance loss of the my-
opic policy with respect to the optimal policy. Speci�cally, we
show that the myopic policy achievesat least of the op-
timal performance when channels are positively correlated, and
at least of the optimal performance when
channels are negatively correlated.

This paper extends our earlier work in [10] that assumes per-
fect detection of the channel states. As shown in Sections II
and III, communication constraints, namely, synchronization in
channel selections between the transmitter and its receiver, re-
quire a different formulation of the problem when observations
are imperfect, and the uncertainties in the sensed channel state
complicate the analysis of the myopic policy. A detailed discus-
sion on other related work is given in Section V.

II. PROBLEM FORMULATION

In this section, we formulate the problem by considering
the cognitive radio application. The general problem, however,
�nds applications in downlink scheduling in a fading envi-
ronment, jamming and anti-jamming and target tracking in
multi-agent systems.

A. System Model

Let denote the channel states,
where bad/busy good/idle is the state of
channel in slot . At the beginning of each slot, the user �rst
decides which channels to sense for potential access. Once a
channel (say channel) is chosen, the user detects the channel
state, which can be considered as a binary hypothesis test3:

good/idle versus bad/busy

1It is easy to show that� � � corresponds to the case where the channel
states in two consecutive slots are positively correlated, i.e., for any distribution
of �� �� , we have �� �� �� � ��� ����� �� � � �� � ��� � � ����� � � , where
�� �� is the state of the Gilbert–Elliot channel in slot�. Similar, � � �

corresponds to the case where�� �� and�� � � �� are negatively correlated, and
� � � the case where�� �� and�� � � �� are independent.

2Actions given by the myopic policy and the optimal policy are compared
numerically for randomly chosen� and� and� � 	 � 
 � and 5. Extensive
numerical comparisons indicate the equivalence between the myopic policy and
the optimal policy.

3We consider here the nontrivial cases with� and� in the open interval
of (0, 1). When they take the special value of 0 or 1, channel state detection can
be simpli�ed. Extensions to such special cases are straightforward.

The performance of channel state detection is characterized by
the receiver operating characteristic (ROC) which relates the
probability of false alarm to the probability of miss detection
:

decide is true

decide is true

Based on the imperfect detection outcome in slot, the user
chooses an access action

no access access

that determines whether to access channelfor transmission.
We note that the design should be subject to a constraint on the
probability of accessing a busy channel, which causes interfer-
ence to primary users. Speci�cally, the probability of collision

perceived by the primary network in any channel and in
any slot should be capped below a predetermined threshold,
i.e.,

This constrained stochastic optimization problem requires the
joint design of the channel state detector (i.e., how to choose
the detection thresholds to trade off false alarms with miss de-
tections), the access policy that decides the transmission proba-
bilities based on imperfect detection outcomes, and the sensing
policy for channel selections. This problem is formulated as a
constrained POMDP in [8] for generally correlated channels.
A separation principle has been established in [11] which de-
couples the design of the channel state detector and the access
policy from that of the channel sensing policy. Speci�cally, the
optimal joint design can be carried out in two steps: �rst to
choose the channel state detector and the access policy to max-
imize the immediate reward under the collision constraint, and
then to choose the sensing policy to maximize the total reward
over a �nite horizon of slots. It has been shown in [11] that
the �rst step can be solved in closed-form. Speci�cally, the op-
timal channel state detector is the Neyman–Pearson detector op-
erating at the point that the probabilityof miss detection is
equal to the maximum allowable probabilityof collision, and
the optimal access policy is to simply trust the detection out-
comes: transmit over a channel if and only if it is detected as
idle. Using the optimal design of the detector operating point
and the access policy, we can then obtain the optimal sensing
policy in the second step as anunconstraint POMDP problem,
or an RMAB problem for independent channels.

The complexity issue in this problem, however, is only par-
tially solved since the resulting unconstraint POMDP for de-
signing the optimal sensing policy in the second step still suffers
from the curse of dimensionality. The focus of this paper is on
developing low-complexity sensing policies and studying their
optimality and performance. Speci�cally in Section III, we will
show that for independent and stochastically identical channels,
the myopic sensing policy has a simple semi-universal structure
and achieves the optimality for . For , we bound
the steady-state throughput achieved by the myopic policy and
establish its approximation factor with respect to the optimal
policy.

Since failed transmissions may occur, acknowledge-
ments (ACKs) are necessary to ensure guaranteed delivery.
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high-order memory and it is dif�cult to solve its stationary distri-
bution. Under single-channel sensing , the approach is
to construct �rst-order Markov chains that stochastically domi-
nate or are dominated by . The stationary distributions
of these �rst-order Markov chains, which can be obtained in
closed-form, lead to lower and upper bounds onaccording to
(7). Speci�cally, for , a lower bound on is obtained
by constructing a �rst-order Markov chain whose stationary dis-
tribution is stochastically dominated by the stationary distribu-
tion of . An upper bound on is given by a �rst-order
Markov chain whose stationary distribution stochastically dom-
inates the stationary distribution of . Similarly, bounds
on can be obtained for .

Theorem 3: The Lower and Upper Bounds on the Throughput
Achieved by the Myopic Policy: De�ne functions

and for any function of vector , de�ne the fol-
lowing operator:

(8)

Under Assumption A2), we have the following lower and upper
bounds on the throughput when .

• Case 1:

(9)

where is given by (2) and

• Case 2:

(10)

where

Proof: See Appendix E.
For multi-channel sensing , it is dif�cult to construct

a �rst-order Markov process to stochastically dominate or be
dominated by . The main approach is to establish a
uniform statistical bound on the distributions of all TPs based on

the structure of the myopic policy. The bound is thus looser than
those given in Theorem 3 when applied to the case of .

Theorem 4: Recall the de�nition of the operator given in
(8). Under Assumption A2), we have the following lower and
upper bounds on throughput when .

• Case 1:

(11)

where

• Case 2:

(12)

where

Note that and can be arbitrary since they are argu-
ments of the constant functions and .
Proof: See Appendix F.

Corollary 2: For , the lower bound on throughput
increasingly converges to the upper bound at geometrical rate

as increases; for , the lower bound
on increasingly converges to a constant at geometrical rate

.
Proof: See Appendix G.

The monotonicity of the difference between the upper and
lower bounds with respect to illustrates that the perfor-
mance of the multichannel opportunistic system improves
with the number of channels, as suggested by intuition. For

, the upper bound gives the limiting performance
of the system when (under the conjecture on the
optimality of the myopic policy). However, for a �xed sensing
capacity , the throughput in the multichannel opportunistic
system saturates quickly as the number of channels goes to
in�nity (see Corollary 2). Since the saturating rate is decreasing
with , for a system consisting of a large number of channels,
it is crucial to enhance the sensing capacity to the level
under which the saturation can be avoided in order to fully
exploit the opportunities offered by a large number of channels.

E. Approximation Factor

As mentioned in Section III, the optimality of the myopic
policy for general and is conjectured based on numerical
results. In this section, we aim to establish analytic results on the
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the issue of imperfect channel state detection, however, remain
open under the self-similar channel model.

APPENDIX A
PROOF OFTHEOREM 1

Let be the
queueing order of channels in slot. We need to show that

(16)

We �rst establish the following properties of the operator
de�ned in (1).

P1) is an increasing function for and a de-
creasing function for .

P2) for and
for .

P3) For and , we have
;

for and , we have
.

P1) and P2) follow directly from the de�nition of . To show
P3) for , it suf�ces to show
due to the monotonically increasing property of and the
bound on . Noticing that is an increasing
function of both and , we arrive at P3) by using the upper
bounds on and . Similarly, we can show P3) for .

We now prove (16) by induction. For , (16) holds by the
de�nition of . Assume that (16) is true for slot. We show
that it is also true for slot .

Consider �rst . For an with
which achieves the upper bound of the belief

values (See P2). For an with
is upper bounded by those of unobserved channels due to

P3). Among those channels over which NAKs are observed, the
order of their believes remains unchanged in slot due to
P1). Similarly, the order of the belief values of the unobserved
channels also remains unchanged in slot .

When , for an with
which achieves the lower bound of the belief values

(see P2)). For an with
is lower bounded by those of unobserved channels due to P3).
Furthermore, the order of the belief values of the unobserved
channels is reversed in slot .

We thus proved (16) for all under the structure of the
myopic policy.

APPENDIX B
PROOF OFCOROLLARY 1

speci�es the states of all channels as well as their order
in slot . Based on the structure of the myopic policy, de-
termines the probability distribution of , i.e., is a
Markov chain. Furthermore, the expected reward obtained on an
idle channel is given by .

APPENDIX C
PROOF OFTHEOREM 2

For , we only need to consider the nontrivial case
of . We �rst consider an arbitrary �nite horizon of

slots. Let denote the expected total discounted reward ob-
tained under the myopic policy starting from slot, and
the expected total discounted reward obtained by sensing action

in slot followed by the myopic policy in future slots. The
proof is based on the following lemma which applies to a gen-
eral POMDP and has been established in [10].

Lemma 3: For a -horizon POMDP, the myopic policy is
optimal if for ,

(17)

We now prove Theorem 2. Considering all channel state real-
izations in slot , we have

(18)

where is the conditional
expected total discounted reward obtained starting from slot
given that the system state in slotis . Next, we estab-
lish two lemmas regarding the conditional value function of the
myopic policy.

Lemma 4: Under Assumptions A1) and A2), the expected
total discounted reward starting from slotunder the myopic
policy is determined by the action and the system state

in slot , hence independent of the belief vector
at the beginning of slot, i.e.,

Adopting the simpli�ed notation of
, We further have

(19)

Proof: Given and , the myopic actions in
slots to , governed by the structure given in Theorem 1, are
�xed for each sample path of system state and observation, inde-
pendent of . As a consequence, the total discounted reward
obtained in slots to for each sample path is independent of

, so is the expected total discounted reward. (19) follows
from the statistically identical assumption of channels.

Lemma 5: Under Assumptions A1) and A2), we have, ,

(20)

Proof: Based on (19), it suf�ces to consider
. We prove for by reverse induction. The proof

for is similar. The inequality in (20) holds for
since is the maximum expected reward that can be

obtained in one slot. Assume that the inequality holds for
. We show that it holds for. Consider �rst

. With probability , the user successfully
identi�es that channel 1 is in the good state in slot and
receives an acknowledgement at the end of slot. According
to the structure of the myopic policy, the user switches channel
in slot , i.e., . The expected immediately reward in slot

is thus since the state of channel 2 in slot is
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The stationary distribution of this hypothetical system leads
to the lower bound on given in (10).

APPENDIX F
PROOF OFTHEOREM 4

We �rst prove that . Note that
is the steady-state throughput achieved by the random sensing
policy that chooses out of channels with uniform prob-
ability (i.e., choose any set of channels with probability

). Since the expected immediate reward under the
random sensing policy in each slot is given by the expected sum
of randomly chosen belief values under any given policy
(including the myopic policy) and the expected immediate
reward under the myopic policy in each slot is given by the
expected sum of the �rst largest belief values, the throughput
under the myopic policy is thus lower bounded by that under
the random sensing policy. To complete the proof, we consider
the following two cases.

• Case 1:
Consider �rst the upper bound. Similarly to single-channel
sensing, the belief value of the chosen channel in the
�rst slot of the th TP is upper bounded by . thus
stochastically dominates , and the expectation of the
former leads to the upper bound ongiven in (11).

We now consider the lower bound. Recall that
, where denotes the number

of consecutive slots in which the chosen channel has been
unobserved since the last visit, anddenotes the belief value
of the chosen channel in the slot of the last visit to this channel.
Based on the structure of the myopic policy, the channel has
the last priority when the user leaves it. It will take at least

slots before the user returns to the same
channel, i.e., . Based on the convergence
property of , we have

.
Thus, is stochastically
dominated by , and the expectation of the former leads
to the �rst argument in the maximization operator as given in
the left-hand side of (11).

• Case 2:
Consider �rst the upper bound. Let denote the belief value

of the chosen channel in the �rst slot of the th TP. Based on
the structure of the myopic policy, we have ,
where denotes the number of consecutive slots in which the
chosen channel has been unobserved since the last visit. From
the convergence property of , we have

. Combined with the hypothetical system given in (36),
is stochastically dominated by , and the ex-

pectation of the former leads to the upper bound ongiven in
(12).

We now consider the lower bound. Recall that
. If is odd, then

since is an odd number (based on the conver-
gence property of ). If is even, i.e., the user has stayed
even slots before it returns this channel, then is at least

. We have .
Combined with the hypothetical system given in (37),

stochastically dominates , and
the expectation of the former leads to the �rst argument in the
maximization operator as given in the left-hand side of (12).

APPENDIX G
PROOF OFCOROLLARY 2

From the closed-form expressions of the lower bounds on
given in Theorem 3 and Theorem 4, it is easy to see that

the lower bound is monotonically increasing with. Let
. For , after some simpli�cations, the lower

bound (for large ) has the form , where
are constants. The upper bound is . We have

as
. Thus, the lower bound converges to the upper bound

with geometric rate .
For , the lower bound (for large ) has the

form , where are
constants. It converges to as . We have

as . Thus, the lower bound converges with
geometric rate .

APPENDIX H
PROOF OFLEMMA 2

Similar to Corollary 1, the reward process under the myopic
(optimal) policy of the genie-aided system is ergodic under As-
sumption A2). The maximum steady-state throughputis thus
well de�ned and independent of the initial belief vector. By
noticing that is the throughput achieved when all

channels are sensed and subsequently accessed based on the
sensing outcomes in each slot, we have that .
To complete the proof, we consider the following two cases.

• Case 1:
Based on the ergodicity of the reward process in the genie-aided
system, the initial belief vector does not affect the optimal per-
formance. Without loss of generality, assume the state of each
channel starts from the stationary distribution. As a conse-
quence, the number of channels over which ACKs are ob-
served falls into the binomial distribution
in every slot. Since the channels over which ACKs is observed
will have the largest belief value and other channels’ belief
values will be upper bounded by in the
next slot, the expected reward obtained under the myopic policy
will be upper bounded by the �rst argument in the minimization
operator as given in the right-hand side of (13).

• Case 2:
Similarly, we assume the state of each channel starts from
the stationary distribution without loss of generality. The
number of channels over which ACKs are observed falls
into the binomial distribution in every slot.
Since the channels over which ACKs are observed will have
the smallest belief value and other channels’ belief values
will be upper bounded by in the next
slot, the expected reward obtained under the myopic policy will
be upper bounded by the �rst argument in the minimization
operator as given in the right-hand side of (14).

APPENDIX I
PROOF OFTHEOREM 5

Consider �rst . Based on Lemma 2 and Theorem 4,
we have
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