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Abstract—The graph construction procedure essentially deter-
mines the potentials of those graph-oriented learning algorithms
for image analysis. In this paper, we propose a process to build the
so-called directed �-graph, in which the vertices involve all the
samples and the ingoing edge weights to each vertex describe its
�-norm driven reconstruction from the remaining samples and

the noise. Then, a series of new algorithms for various machine
learning tasks, e.g., data clustering, subspace learning, and semi-
supervised learning, are derived upon the �-graphs. Compared
with the conventional -nearest-neighbor graph and -ball graph,
the �-graph possesses the advantages: 1) greater robustness to
data noise, 2) automatic sparsity, and 3) adaptive neighborhood
for individual datum. Extensive experiments on three real-world
datasets show the consistent superiority of �-graph over those
classic graphs in data clustering, subspace learning, and semi-su-
pervised learning tasks.

Index Terms—Graph embedding, semi-supervised learning,
sparse representation, spectral clustering, subspace learning.

I. INTRODUCTION

A N informative graph, directed or undirected, is critical
for those graph-oriented algorithms designed for the

purposes of data clustering, subspace learning, and semi-su-
pervised learning. Data clustering often starts with a pairwise
similarity graph and is then transformed into a graph partition
problem [17]. The pioneering works on manifold learning, e.g.,
ISOMAP [18], locally linear embedding [16], and Laplacian
Eigenmaps [5], all rely on graphs constructed in different
ways. Moreover, most popular subspace learning algorithms,
e.g., principal component analysis [12], linear discriminant
analysis [3], and locality preserving projections [10], can all be
explained within the graph embedding framework as claimed
in [20]. Also, most semi-supervised learning algorithms are
driven by certain graphs constructed over both labeled and
unlabeled data. Zhu et al. [22] utilized the harmonic property
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of Gaussian random field over the graph for semi-supervised
learning. Belkin and Niyogi [4] instead learned a regression
function that fits the labels at labeled data and also maintains
smoothness over the data manifold expressed by a graph.

There exist two popular ways for graph construction, one
of which is the -nearest-neighbor method, and the other is
the -ball based method, where, for each datum, the samples
within its surrounding ball are connected, and then various
approaches, e.g., binary, Gaussian-kernel [5] and -reconstruc-
tion [16], can be used to further set the graph edge weights.
Since the ultimate purposes of the constructed graphs are for
data clustering, subspace learning, semi-supervised learning,
etc., the following graph characteristics are desired.

1) Robustness to data noise. The data noises are inevitable
especially for visual data, and the robustness is a desirable
property for a satisfactory graph construction method. The
graph constructed by -nearest-neighbor or -ball method
is founded on pair-wise Euclidean distance, which is very
sensitive to data noise. It means that the graph structure is
easy to change when unfavorable noises come in.

2) Sparsity. Recent research on manifold learning [5] shows
that sparse graph characterizing locality relations can
convey valuable information for classification purpose.
Also, for applications with large scale data, a sparse graph
is the inevitable choice due to the storage limitation.

3) Datum-adaptive neighborhood. Another observation
is that the data distribution probability may vary greatly
at different areas of the feature space, which results in
distinctive neighborhood structure for each datum. Both

-nearest-neighbor and -ball methods, however, use a
fixed global parameter to determine the neighborhoods for
all the data, and hence fail to offer such datum-adaptive
neighborhoods.

We present in Section II a procedure to construct robust and
datum-adaptive -graph by utilizing the overall contextual
information instead of only pairwise Euclidean distance as
conventionally. The neighboring samples of a datum and the
corresponding ingoing edge weights are simultaneously derived
by solving an -norm optimization problem, where each datum
is reconstructed by the linear combination of the remaining
samples and noise item, with the objective of minimizing the

norm of both reconstruction coefficients and data noise.
Compared with the graphs constructed by -nearest-neighbor
and -ball methods, the -graph has the following three
advantages. First, -graph is robust owing to the overall con-
textual -norm formulation and the explicit consideration of
data noises. Fig. 1(a) shows the graph robustness comparison
between -graph and -nearest-neighbor graph. Second, the
sparsity of the -graph is automatically determined instead
of manually as in -nearest-neighbor and -ball methods.
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Fig. 1. Robustness and adaptiveness comparison for neighbors selected by
� -graph and �-nearest-neighbor graph. (a) Illustration of basis samples (first
row), reconstruction coefficient distribution in � -graph (left), samples to
reconstruct (middle, with added noises from the third row on), and similarity
distribution of the � nearest neighbors selected with Euclidean distance
(right) in �-nn graph. Here, the horizontal axes indicate the index number
of the training samples. The vertical axes of the left column indicate the
reconstruction coefficient distribution for all training samples in sparse coding,
and those of right column indicate the similarity value distribution of � nearest
neighbors. Note that the number in parenthesis is the number of neighbors
changed compared with results in the second row, and � -graph shows much
more robust to image noises. (b) Neighboring samples comparison between
� -graph and �-nearest-neighbor graph. The red bars indicate the numbers of
the neighbors selected by � -graph automatically and adaptively. The green
bars indicate the numbers of kindred samples among the � neighbors selected
by � -graph, and the blue bar indicate the numbers of kindred samples within
the � nearest neighbors measured by Euclidean distance in �-nn graph. Note
that the results are obtained on USPS digit database [11] and the horizontal
axis indicates the index of the reference sample to reconstruct. (a) Neighbor
robustness comparison of � -graph and �-nn graph. (b) Datum-adaptive
neighbor numbers selected by sparse � -graph, and kindred neighbor numbers
for � -graph and �-nn graph.

Finally, the -graph is datum-adaptive. As shown in Fig. 1(b),
the number of neighbors selected by -graph is adaptive to
each datum, which is valuable for applications with unevenly
distributed data.

This -graph is then utilized in Section III to instantiate a se-
ries of graph-oriented algorithms for various machine learning
tasks, e.g., data clustering, subspace learning, and semi-super-
vised learning. Owing to the above three advantages over clas-
sical graphs, -graph brings consistent performance gain in all
these tasks as detailed in Section IV.

II. RATIONALES ON -GRAPH

For a general data clustering or classification problem, the
training sample set is assumed being represented as a ma-
trix , where is the sample
number and is the feature dimension. For supervised learning
problems, the class label of the sample is then assumed to be

, where is the total number of classes.

A. Motivations

The -graph is motivated by the limitations of classical graph
construction methods [5], [16] in robustness to data noise and
datum-adaptiveness, and recent advances in sparse coding [8],
[14], [19]. Note that a graph construction process includes both
sample neighborhood selection and graph edge weight setting,
which are assumed in this work to be unsupervised, without
harnessing any data label information.

The approaches of -nearest-neighbor and -ball are very
popular for graph construction in literature. Both of them de-
termine the neighboring samples based on pairwise Euclidean
distance, which is, however, very sensitive to data noises and
one noisy feature may dramatically change the graph structure.
Also when the data are not evenly distributed, the nearest
neighbors of a datum may involve faraway inhomogeneous data
if the is set too large, and the -ball may involve only single
isolated datum if is set too small. Moreover, the optimum of

(or ) is datum-dependent, and one single global parameter
may result in unreasonable neighborhood structure for certain
datum.

The research on sparse coding or sparse representation has a
long history. Recent research shows that sparse coding appears
to be biologically plausible as well as empirically effective for
image processing and pattern classification [19]. Olshausen et
al. [15] employed the Bayesian models and imposed priors
for deducing the sparse representation, and Wright et al. [19]
proposed to use sparse representation for direct face recogni-
tion. In this work, beyond the sparse coding for individual test
datum, we are interested in the overall behavior of the whole
sample set in sparse representation, and then present the gen-
eral concept of -graph, followed by its applications in various
machine learning tasks, e.g., data clustering, subspace learning,
and semi-supervised learning.

B. Robust Sparse Representation

Much interest has been shown in computing linear sparse rep-
resentation with respect to an overcomplete dictionary of the
basis elements. Suppose we have an underdetermined system
of linear equations: , where is the vector to be
approximated, is the vector for unknown reconstruction
coefficients, and is the overcomplete dic-
tionary with bases. Generally, a sparse solution is more robust
and facilitate the consequent identification of the test sample .
This motivates us to seek the sparest solution to by
solving the following optimization problem:

(1)

where denotes the -norm, which counts the number of
nonzero entries in a vector. But It is well known that the sparsest
representation problem is NP-hard in general case, and difficult
even to approximate. However, recent results [8], [19] show that
if the solution is sparse enough, the sparse representation can be
recovered by the following convex -norm minimization [8]

(2)
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Fig. 2. Visualization comparison of (a) the � -graph and (b) the �-nearest-neighbor graph, where the � for each datum is automatically selected in the � -graph.
Note that the thickness of the edge line indicates the value of the edge weight (Gaussian kernel weight for �-nearest-neighbor graph). For ease of display, we only
show the graph edges related to the samples from two classes and in total 30 classes from the YALE-B database are used for graph construction. (c) Illustration on the
positions of a reference sample (red), its kindred neighbors (yellow), and its inhomogeneous neighbors (blue) selected by (i) � -graph and (ii) �-nearest-neighbor
method based on samples from the USPS digit database [11]. (a) Example of � -graph. (b) Example �-nearest-neighbor graph. (c) Example � -graph and fc-NN
graph.

This problem can be solved in polynomial time by standard
linear programming method [7]. In practice, there may exist
noises on certain elements of , and a natural way to recover
these elements and provide a robust estimation of is to formu-
late

(3)

where is the noise term. Then by setting

and , we can solve the

following -norm minimization problem with respect to both
reconstruction coefficients and data noises:

(4)

This optimization problem is convex and can be transformed
into a general linear programming problem. There exists a
globally optimal solution, and the optimization can be solved
efficiently using many available -norm optimization tool-
boxes like [2]. Note that the norm optimization toolbox in [2]
may convert the original constrained optimization problem into
an unconstrained one, with an extra regularization coefficient
which can be tuned for optimum in practice but essentially does
not exist in original problem formulation.

C. -Graph Construction

An -graph summarizes the overall behavior of the whole
sample set in sparse representation. The construction process is
formally stated as follows.

1) Inputs: The sample data set denoted as the matrix
, where .

2) Robust sparse representation: For each datum in the
sample set, its robust sparse coding is achieved by solving
the -norm optimization problem

(5)

where matrix
and .

3) Graph weight setting: Denote as the
-graph with the sample set as graph vertices and as

the graph weight matrix, and we set (nonnega-
tivity constraints may be imposed for in optimization if
for similarity measurement) if , and if

.
Fig. 2 depicts partial of the -graphs based on the data from

the YALE-B face database [13] and USPS digit database [11]
respectively. An interesting observation from Fig. 2 is that, be-
sides being robust and datum-adaptive, the -graph has the
potential to connect kindred samples, and hence may poten-
tially convey more discriminative information, which is valu-
able for its later introduced applications in data clustering, sub-
space learning, and semi-supervised learning. Taking the face
image as an example, the intuition behind the observed discrim-
inating power of graph is that, if one expects to reconstruct
a face image with all other face images as bases, the most ef-
ficient way in terms of the number of relevant bases is to use
similar images or images from the same subject, which leads to
a sparse solution and coincides with the empirical observations
in [19] for robust face recognition with sparse representation.

1) Discussions: 1) Note that the formulation in (4) is based
on the assumption that the feature dimension, , is reasonably
large, otherwise the sparsity of noises shall make no sense. It
means that (4) is not applicable for simple 2-D or 3-D toy data.
2) In implementation, the data normalization, i.e., , is
critical for deriving semantically reasonable coefficients. 3) The

-nearest-neighbor graph is flexible in terms of the selection of
similarity/distance measurement, but the optimality is heavily
data dependent. In this work, we use the most conventional Eu-
clidean distance for selecting the nearest neighbors. 4) For cer-
tain extreme cases, e.g., if we simply duplicate each sample and
generate another new dataset of double size, -graph may only
connect these duplicated pairs, and thus fail to convey valuable
information. A good observation is that these extreme cases are
very rare for those datasets investigated in general research.
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III. LEARNING WITH -GRAPH

An informative graph is critical for those graph-oriented
learning algorithms. Similar to classical graphs constructed by

-nearest-neighbor or -ball method, -graph can be integrated
with various learning algorithms for various tasks, e.g., data
clustering, subspace learning, and semi-supervised learning. In
this section, we briefly introduce how to benefit from -graph
for these tasks.

A. Spectral Clustering With -Graph

Data clustering is the classification of samples into different
groups, or more precisely, the partition of samples into subsets,
such that the data within each subset are similar to each other.
The spectral clustering [17] is among the most popular algo-
rithms for this task, but there exists one parameter [17] for con-
trolling the similarity between a data pair. Intuitively the contri-
bution of one sample to the reconstruction of another sample
is a good indicator of similarity between these two samples,
we decide to use the reconstruction coefficients to constitute
the similarity graph for spectral clustering. As the weights of
the graph are used to indicate the similarities between different
samples, they should be assumed to be non-negative. Using the

-graph, the algorithm can automatically select the neighbors
for each datum, and at the same time the similarity matrix is
automatically derived from the calculation of these sparse rep-
resentations. The detailed spectral clustering algorithm based on

-graph is listed as follows.
1) Symmetrize the graph similarity matrix by setting the ma-

trix .
2) Set the graph Laplacian matrix ,

where is a diagonal matrix with .
3) Find , the eigenvectors of corresponding

to the largest eigenvalues, and form the matrix
by stacking the eigenvectors in columns.

4) Treat each row of as a point in , and cluster them into
clusters via the -means method.

5) Finally, assign to the cluster if the th row of the matrix
is assigned to the cluster .

B. Subspace Learning With -Graph

Similar to the graph construction process in Locally Linear
Embedding (LLE), the -graph characterizes the neighborhood
reconstruction relationship. In LLE, the graph is constructed
by reconstructing each datum with its nearest neighbors or
the samples within the -ball based on the -norm. LLE and
its linear extension, called neighborhood preserving embedding
(NPE) [9], both rely on the global graph parameter ( or ). Fol-
lowing the idea of NPE algorithm, -graph can be used to de-
velop a subspace learning algorithm as follows.

The general purpose of subspace learning is to search for
a transformation matrix (usually ) for
transforming the original high-dimensional datum into another
low-dimensional one. -graph uncovers the underlying sparse
reconstruction relationship of each datum, and it is desirable

to preserve these reconstruction relationships in the dimension-
ality reduced feature space. Note that in the dimension reduced
feature space, the reconstruction capability is measured by
norm instead of norm for computational efficiency. Then the
pursue of the transformation matrix can be formulated as the
optimization

(6)

where is determined by the constructed -graph. This op-
timization problem can be solved with generalized eigenvalue
decomposition approach as

(7)

where , and is the eigenvector
corresponding to the th largest eigenvalue as well as the

th column vector of the matrix .
The derived transformation matrix is then used for dimen-

sionality reduction as

(8)

where is the corresponding low-dimensional representation
of the sample and finally the classification process is per-
formed in this low-dimensional feature space with reduced com-
putational cost.

C. Semi-Supervised Learning With -Graph

As shown in Figs. 1 and 2, the -graph is robust to data
noises and datum-adaptive, also empirically has the potential
to convey more discriminative information compared with con-
ventional graphs based on -nearest-neighbor or -ball method.
These properties make -graph a good candidate for propa-
gating the label information over the graph. Semi-supervised
learning recently has attracted much attention, and was widely
used for both regression and classification purposes. The main
idea of semi-supervised learning is to utilize unlabeled data for
improving the classification and generalization capability on the
testing data. Commonly the unlabeled data are used as an extra
regularization term to the objective functions from traditional
supervised learning algorithms.

In this work, the unlabeled data are used to enlarge the vertex
number of the -graph, and further enhance the robustness of
the graph. Finally the -graph based on both labeled and un-
labeled data is used to develop semi-supervised learning algo-
rithm. Here, we take marginal Fisher analysis (MFA) [20] as
an example for the supervised part in semi-supervised learning.
Similar to the philosophy in [6], the objective for -graph based
semi-supervised learning is defined as
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where is a threshold for balancing the supervised
term and -graph regularization term, and the supervised part
is defined as

(9)

(10)

where indicates the intraclass compactness, which is repre-
sented as the sum of distances between each point and its neigh-
bors of the same class and is the index set of the
nearest neighbors of the sample in the same class, in-
dicates the separability of different classes, which is charac-
terized as the sum of distances between the marginal points
and their neighboring points of different classes and is
a set of data pairs that are the nearest pairs among the set

, and is the weight matrix of the
-graph. Similar to (6), the optimum can be obtained via the

generalized eigenvalue decomposition method, and the derived
projection matrix is then used for dimensionality reduction
and consequent data classification.

IV. EXPERIMENTS

In this section, we systematically evaluate the effectiveness of
-graph in three learning tasks, namely, data clustering, sub-

space learning, and semi-supervised learning. For comparison
purpose, the classical -nearest-neighbor graph and -ball graph
with different graph weighting approaches are implemented as
evaluation baselines. Note that for all -near-neighbor graph
and -ball graphs related algorithms, the reported results are
based on the tuned best and among all proper values.

A. Data Sets

For all the experiments, three databases are used. The USPS
handwritten digit database [11] includes ten classes (0–9 digit
characters) and 11000 samples in total. We randomly select 200
samples each digit character for the experiments, and all of these
images are normalized to the size of 32 32 pixels. The forest
covertype database [1] was collected for predicting forest cover
type from cartographic variables. It includes seven classes and
581012 samples in total. We randomly select 100 samples for
each type in the following experiments. The Extended YALE-B
database [13] contains 38 individuals and around 64 near frontal
images under different illuminations per individual, where each
image is manually cropped and normalized to the size of 32 32
pixels. All the images were taken against a dark homogeneous
background with the subjects in an upright and frontal position.

B. Spectral Clustering With -Graph

In this part of experiments, for a comprehensive evaluation,
the -graph based spectral clustering algorithm is compared
with the spectral clustering based on the Gaussian-kernel [17]
graph, LE-graphs (used in Laplacian Eigenmaps [5] algorithm),
LLE-graphs ( -norm based and used in LLE [16]), and also
the -means clustering results based on the derived low-di-
mensional representations from principal component analysis

(PCA) [12], and two metrics, the accuracy and the nor-
malized mutual information [21], are used for perfor-
mance evaluation. Suppose that is the clustering result label
vector and is the known sample label vector, is defined as

(11)

where denotes the total number of samples, equals to 1
if and only if , is the best mapping function that
permutes to match , where and are the index sets in-
volving all values in and respectively. The Kuhn–Munkres
algorithm is used to obtain the best mapping [7]. On the other
hand, the mutual information between and is defined as

(12)

where , denote the marginal probability distribution
functions of and , respectively, and is the joint prob-
ability distribution function of and . Suppose and

denote the entropies of and . varies
between 0 and . So, use normalized mutual
information as the second metric, namely

(13)

It is obvious that the normalized mutual information
takes values in . Unlike , is invariant with the
permutation of labels, namely, does not require the
matching and in advance.

The visualization comparison of the data clustering re-
sults (digit characters 1–3 from the USPS database) based
on -graph and those based on LE-graph and -means are
depicted in Fig. 3, which shows that the data are much better
separated in -graph. The quantitative comparison results on
clustering accuracy are listed in Tables I–III for these three
databases respectively. From the listed results, three observa-
tions can be made: 1) the clustering results from -graph based
spectral clustering algorithm are consistently much better than
those from all other evaluated algorithms for both metrics;
2) ( -nn + LLE)-graph based spectral clustering algorithm is
relatively more stable compared with other ones; and 3) -ball
based algorithms show to be generally worse, in both accuracy
and robustness, than the corresponding -nn based graphs, and
thus for the consequent experiments, we only report the results
from -nn graphs instead. Note that all the results listed in
the tables are from the best tuning of all possible algorithmic
parameters, e.g., kernel parameter for G-graph, the number of
neighboring samples and for LE-graphs and LLE-graphs, and
the retained feature dimensions for PCA. To further compare
the -norm and -norm in graph edge weight deduction, we
show the clustering accuracies on USPS based on -graph
and ( -nn + LLE)-graphs with variant in Fig. 4, which
shows -graph is consistently better than -norm based graph
construction for all ’s, and the performance of the latter first
increases, and then drops very slowly after is large enough.
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Fig. 3. Visualization of the data clustering results from (a) � -graph, (b) LE-graph, and (c) PCA algorithm for three clusters (handwritten digits 1, 2, and 3 in the
USPS database). The coordinates of the points in (a) and (b) are obtained from the eigenvalue decomposition in the third step of Section III-A. Different colors of
the points indicate different digits. (a) Clustering from � -graph. (b) Clustering from LE-graph. (c) Clustering via PCA + K-means.

Fig. 4. Comparison clustering accuracies of the � -graph (red line, one fixed
value) and (�-nn + LLE)-graphs (blue curve) with variant �s on the USPS
dataset and � � �. It shows that � -norm is superior over � -norm in deducing
informative graph weights.

C. Subspace Learning With -Graph

The experiments on classification based on subspace learning
are also conducted on the above three databases. To make the
comparison fair, for all the evaluated algorithms we first apply
PCA as preprocessing step by retaining 98% energy.

To extensively evaluate the algorithmic performance on the
USPS database, we randomly sampled 10, 20, 30, and 40 images
from each digit as training data. Similarly, for the forest cover-
type database, we randomly sampled 5, 10, 15, and 20 samples
from each class as training data, and for the Extended YALE-B
database, we randomly sampled 10, 20, 30 , 40, and 50 training
images for each individual. All the remaining data are used for
testing purpose. Here, we use the error rate to measure the clas-
sification performance, defined as

(14)

where is the predicted sample label and is the given sample
label, is the total number of testing samples, and
equals 0 if , otherwise equals 1. The best performance
of each algorithm over all possible parameters, i.e., graph pa-
rameters and feature dimension retained, is reported along with
the corresponding feature dimension. The popular unsupervised
subspace learning algorithms PCA, NPE, and LPP, and the su-
pervised algorithm Fisherfaces [3] are evaluated for compar-
ison with -graph based subspace learning, which is essen-

tially unsupervised. For NPE and LPP, we used their unsuper-
vised versions for fair comparison. For LPP, we use the co-
sine metric in graph construction for a better performance. The
detailed comparison experimental results for classification are
listed in Tables IV–VI for these three databases, from which we
can observe: 1) on the forest covertype and Extended YALE-B
databases, -graph based unsupervised subspace learning algo-
rithm generally performs better than the supervised algorithm
Fisherfaces, and on the USPS database, Fisherfaces shows a
little better than the former; 2) the -graph based subspace
learning algorithm is much superior over all the other evalu-
ated unsupervised subspace learning algorithms; and 3) NPE
and LPP show to be better than PCA. Note that for all the classi-
fication experiments in this paper, we used the classical nearest
neighbor classifier [3], [9], [10] for fairly comparing the dis-
criminating power of the derived subspaces from different sub-
space learning algorithms. The visualization comparison of the
subspaces learnt based on -graph and those based on PCA,
LPP, and NPE are depicted in Fig. 5, from which we can observe
bases from PCA show to be most similar to real faces since PCA
is motivated for direct data reconstruction.

D. Semi-Supervised Learning With -Graph

The semi-supervised learning is driven by the philosophy
that the unlabeled data can also convey useful information for
the learning process. We also use the above three databases for
evaluating the effectiveness of the semi-supervised algorithm
based on -graph by comparing with semi-supervised learning
algorithms based on Gaussian-kernel graph, LE-graph and
LLE-graph. For all the semi-supervised learning algorithms,
the supervised part is based on the marginal Fisher analysis
[20] algorithm, and the error rate is also used to measure the
performances. For a fair comparison, the parameters , ,
and are tuned for all proper combinations, and the result
reported is based on the best parameter combination. The
detailed comparison experiment results for semi-supervised
leaning algorithms based on different graphs, the original
supervised algorithm and the baseline of PCA, are shown in
Tables VII–IX, from which we can have two observations:
1) the -graph based semi-supervised learning algorithm gen-
erally achieves the highest classification accuracy compared
to semi-supervised learning based on those traditional graphs,
and 2) semi-supervised learning can generally bring accuracy
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TABLE I
CLUSTERING ACCURACIES (NORMALIZED MUTUAL INFORMATION/NMI AND ACCURACY/AC) FOR SPECTRAL CLUSTERING ALGORITHMS BASED ON � -GRAPH,
GAUSSIAN-KERNEL GRAPH (G-GRAPH), LE-GRAPHS, AND LLE-GRAPHS, AS WELL AS ��� ��-MEANS ON THE USPS DIGIT DATABASE. NOTE THAT 1) THE

VALUES IN THE PARENTHESES ARE THE BEST ALGORITHMIC PARAMETERS FOR THE CORRESPONDING ALGORITHMS AND FOR THE PARAMETERS FOR

AC ARE SET AS THOSE WITH THE BEST RESULTS FOR NIM, AND 2) THE CLUSTER NUMBER � ALSO INDICATES THE CLASS NUMBER USED FOR

EXPERIMENTS, THAT IS, WE USE THE FIRST � CLASSES IN THE DATABASE FOR THE CORRESPONDING DATA CLUSTERING EXPERIMENTS

TABLE II
CLUSTERING ACCURACIES (NORMALIZED MUTUAL INFORMATION/NMI AND ACCURACY/AC) FOR SPECTRAL CLUSTERING ALGORITHMS BASED ON � -GRAPH,

GAUSSIAN-KERNEL GRAPH (G-GRAPH), LE-GRAPHS, AND LLE-GRAPHS, AS WELL AS �����-MEANS ON THE FOREST COVERTYPE DATABASE

TABLE III
CLUSTERING ACCURACIES (NORMALIZED MUTUAL INFORMATION/NMI AND ACCURACY/AC) FOR SPECTRAL CLUSTERING ALGORITHMS BASED ON � -GRAPH,

GAUSSIAN-KERNEL GRAPH (G-GRAPH), LE-GRAPHS, AND LLE-GRAPHS, AS WELL AS ��� ��-MEANS ON THE EXTENDED YALE-B DATABASE.
NOTE THAT THE G-GRAPH PERFORMS EXTREMELY BAD IN THIS CASE, A POSSIBLE EXPLANATION OF WHICH IS THAT THE ILLUMINATION

DIFFERENCE DOMINATES THE CLUSTERING RESULTS IN G-GRAPH BASED SPECTRAL CLUSTERING ALGORITHM

TABLE IV
USPS DIGIT RECOGNITION ERROR RATES (%) FOR DIFFERENT SUBSPACE

LEARNING ALGORITHMS. NOTE THAT THE NUMBERS IN THE PARENTHESES

ARE THE FEATURE DIMENSIONS RETAINED WITH THE BEST ACCURACIES

improvement compared to the counterparts without harnessing
extra information from the unlabeled data.

TABLE V
FOREST COVER RECOGNITION ERROR RATES (%) FOR

DIFFERENT SUBSPACE LEARNING ALGORITHMS

V. CONCLUSIONS AND FUTURE WORK

In this paper, we proposed the concept of -graph, encoding
the overall behavior of the data set in sparse representations.
The -graph is robust to data noises and naturally sparse,
and offers adaptive neighborhood for individual datum. It is
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Fig. 5. Visualization comparison of the subspace learning results. They are the first ten basis vectors of (a) PCA, (b) NPE, (c) LPP, and (d) � -graph calculated
from the face images in YALE-B database.

TABLE VI
FACE RECOGNITION ERROR RATES (%) FOR DIFFERENT SUBSPACE LEARNING

ALGORITHMS ON THE EXTENDED YALE-B DATABASE

TABLE VII
USPS DIGIT RECOGNITION ERROR RATES (%) FOR DIFFERENT

SEMI-SUPERVISED, SUPERVISED, AND UNSUPERVISED LEARNING ALGORITHMS.
NOTE THAT THE NUMBERS IN THE PARENTHESES ARE THE FEATURE

DIMENSIONS RETAINED WITH THE BEST ACCURACIES

TABLE VIII
FOREST COVER RECOGNITION ERROR RATES (%) FOR DIFFERENT

SEMI-SUPERVISED, SUPERVISED, AND UNSUPERVISED LEARNING ALGORITHMS.
NOTE THAT THE NUMBERS IN THE PARENTHESES ARE THE FEATURE

DIMENSIONS RETAINED WITH THE BEST ACCURACIES

TABLE IX
FACE RECOGNITION ERROR RATES (%) FOR DIFFERENT SEMI-SUPERVISED,

SUPERVISED, AND UNSUPERVISED LEARNING ALGORITHMS ON THE EXTENDED

YALE-B DATABASE. NOTE THAT THE NUMBERS IN THE PARENTHESES ARE

THE FEATURE DIMENSIONS RETAINED WITH THE BEST ACCURACIES

also empirically observed that the -graph conveys greater
discriminating power compared with classical graphs con-
structed by -nearest-neighbor or -ball method. All these

characteristics make it a better choice for many popular
graph-oriented machine learning tasks. We are planning to
further study the -graph from four aspects: 1) beside the
learning configurations exploited in this work, there exist many
other configurations, e.g., transfer learning, we shall extend the

-graph to these configurations; 2) for multitask (e.g., face
recognition, pose estimation and illumination estimation simul-
taneously) learning problem, an -graph can only characterize
one type of discriminative information, and then how to identify
which task the derived graph can contribute to is interesting;
3) currently the -graph is unsupervised, and how to utilize
the label information for constructing a more discriminative
graph is another interesting research direction; and 4) currently
the computational cost for -graph construction is relatively
high, e.g., about 337 s for the 2414 samples in the YALE-B
database on a PC with 3-GHz CPU and 2-GB memory. Then,
the entire computational cost is about 364 s for -graph based
subspace learning, while only about 15 s for PCA, 20 s for
NPE, and 21 s for LPP. Thus, how to achieve further speedup
is very important for large scale applications, e.g., web-scale
tasks with millions of images.
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