1 INTRODUCTION

ETHODS providing information on the distribution of

the euclidean distance between nodes in wireless
sensor networks (WSN) are regarded as versatile tools for
protocol parameter tuning and performance modeling.
Therefore, internode distance estimation is of profound
importance for various WSN applications. For instance,
when urgent data are disseminated from a source node via
broadcast, it is critical to estimate the covered distance as a
result of a sequence of data forwards. Similarly, estimation
of the hop distance between two network locations is
equivalent to estimating the minimum number of hops,
which leads to maximization of the distance covered in
multihop paths. Furthermore, hop distance estimation is
closely related with transmission delay estimation and
minimization of multihop energy consumption.

The current literature on the maximization of the multi-
hop distance is limited; however, there are several studies
that focus on estimation of single-hop or multihop distances.
Methods in [1] and [2] estimate the distances to designated
anchor nodes using optimization algorithms. There are also
analytical methods that address the probabilistic evaluation
of the euclidean distances such as that given in [3] and [4]. In
[3], the probability distribution of the single-hop distance
between two randomly chosen neighbors is investigated. In

[4], the distribution of the remaining distance in multihop
greedy forwarding to a destination node is derived.
Furthermore, in [5], the distribution of euclidean distances
to nth neighbor in a Poisson point process is analyzed.

Hop distance estimation between two locations is
studied analytically in [6] and [7]. In [6], connectivity
probability in one or two hops is derived and connectivity
in multiple hops is studied with analytical bounds.
Furthermore, analytical bounds of the expected hop
distance are derived and supported by simulation results.
In [7], the expected number n of relay nodes between two
randomly located sensors is analytically computed via
iteration based on expressions for connectivity in one or two
hops. In [8], the distribution of hop distance and its
expected value are analyzed with simulations. It is shown
that beamforming antennas significantly reduce the hop
distance compared to omnidirectional antennas for medium
and large networks with random node locations.

The maximum euclidean distance metric is first investi-
gated in [9] for 1D networks. The distribution of the
maximum distance taken in a single hop is derived
analytically. In our previous study [10], we showed that
the distribution of maximum multihop euclidean distance
in a 1D network has an increasingly Gaussian character for
increasing hop distance values. This result is used in [11] to
develop a Bayesian decision mechanism to determine the
number of hops for a given euclidean distance. An
application of [10] to planar sensor networks is [12] which
uses the Gaussian pdf to verify sensor positions. In [12], 1D
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is calculated by 03 E ' r;  x N’ which involves

a recursive computation. The results in [10] illustrate that
the distribution of the multihop maximum distance in 1D
networks can be modeled by the Gaussian distribution with
high accuracy. This model is referred as the “1D Model”
throughout the rest of this paper.

In contrast to 1D networks, a multihop path in a planar
network is generally not located on a line. However, one
can define a thin rectangular corridor with a small width W
between two locations and search the multihop path within
this corridor. Using this mapping, nodes can be assumed to
be in a linear formation. Hence, the equivalent 1D network
density becomes A Wo, where o is the actual node
density on the 2D network. With this approximation, the
1D Model can be applied to planar networks to represent
the maximum multihop distance distribution with a
Gaussian pdf [12].

The simulation results for multihop maximum distance
distribution pg; d; fori¢ 8 and the Gaussian pdf found by
the 1D Model are illustrated in Fig. 2a with W R.
Although Gaussian pdf accurately models 1D network
distance distributions [10], it fails to represent the distribu-
tions in planar networks. However, since applications such
as distance estimation and localization are sensitive to even
small amounts of errors in intersensor distances, a more
accurate model that can better represent distance distribu-
tions is required.

In a 2D network with random node locations, a path with
N hops can have a length of at most NR, with a sensor
communication range of R. However, due to the finite node
density o, the actual maximum distance d is smaller; hence,
NR is an upper bound for dy. If we define this difference as

Fig. 3. Kolmogorov-Smirnov Test applied to x. (a) o

0.001 nodes/m?. (b) o

x NR x dy, then x is a random variable. To determine the
similarity of its distribution to well-known distribution
types, Kolmogorov-Smirnov (KS) Test is applied to a
simulation data set of the random variable x. The data set
is collected from 10,000 different networks with uniformly
distributed node locations and a sensor communication
range of R 100 m. The KS test suggests that a data set is
similar to a given distribution type if the KS statistic is lower
than the critical value of the test for the chosen significance
level. The critical value of the KS Test for a significance level
of 0.05 is determined and then compared with each KS
statistic that is obtained by x values in simulations
corresponding to different hop distance values.

Fig. 3 demonstrates the test results for two node density
values, o 0.001 nodes/m” and ¢ 0.002 nodes/m?, and for
various distribution types. The highest similarity results are
obtained for Gamma distribution. For ¢  0.002 nodes/m?,
the test results for the Gamma distribution are consistently
below the critical value computed by the KS Test. This
suggests that the distribution of x is similar to Gamma
distribution. The Maximum Likelihood (ML) Estimation of
the distribution of x with the Gamma pdf, as illustrated in
Fig. 2b for a node density ¢  0.001 nodes/m?, also clearly
demonstrates this similarity.

By modeling the distribution of x using Gamma
distribution, the distribution of the maximum euclidean
distance dy can be defined since d; ‘R x x. When the
distribution of x obtained by ML estimation is transformed
with d; ‘R xx, the ML estimate of the maximum
distance distribution d; is obtained, which is shown in
Fig. 2c for ¢ 0.001 nodes/m”. This figure suggests that the
pdf of d; can be obtained through a simple linear

0.002 nodes/m?.
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Fig. 4. Angular range model and model-related approximation.
(a) Angular model and (b) model approximation.

transformation applied to a Gamma pdf. The Gamma pdf
of the random variable x is given by xox1 e
where I' . is the Gamma function I" z L‘ZXl *tde, and
a and b are shape and scale parameters, respectively.
Furthermore, the mean and variance of the Gamma
distribution in terms of a and b are given by E g x,a,b
ab and var g x,a,b  ab?, respectively.

The maximum likelihood estimation provides the para-
meters a and b which uniquely define the Gamma
distribution. However, ML estimation requires simulation

data to estimate the pdf. In contrast, our aim is to avoid the use

of simulation data, and compute the parametersand b
analytically. Hence, the analysis in this paper aims to
analytically compute £ d; and o4, and models the distribu-
tion of dn using the Gamma distribution with parameters a
and b that are calculated using £ d; and oy, ie.,

o} Ed;*

: d
Fd and a Ud

b

3 ANALYSIS

3.1 Greedy Maximization of Multihop Distance

In Fig. 4a, the search area for a next hop sensor is modeled
by an angular communication range with a “radial range”
R, which is equal to the radius of the sensor communication
range, and an “angular range” « < m. The bisector direction
line represents the outward direction from the source
sensor S.

Maximization of multihop distance, as defined in
Section 2.2, is obtained by choosing the next sensor node
within the angular communication range such that its
distance to the source sensor S is maximum. In Figs. 5a and
5b, no nodes are found in regions A; and A, and d, and d,,
constitute the maximum distance to S. r,, 75, and r. denote
the radial distance of the selected next node to P. However,
the shapes of the regions created by this choice depend on
the location of the node and distances d, and d;, which
complicate the analysis.

On the other hand, in Fig. 5c, the node with the
maximum distance to node P is chosen as the next node.

$ * %{ s/db%\%\x S dﬁ
@ o o

Fig. 5. Choice of next node in angular range.
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Fig. 6. Average upper bound of model-based error, R 100 m.

(a) Different angles « and (b) different density values o.

Note that the region A; can easily be defined by the
difference between two arcs centered at P. However, this is
an approximation since any node in region K in Fig. 4b is
more distant to S compared to the radially most distant
node to Py;. In fact, the largest amount of error occurs if a
point exists in location 7', as shown in Fig. 4b. The distance
of T'to S'is dypex  dprev T X €, Where r; is the distance of
the radially distant node P, to node P;,; and ¢ is a negligible
small number. However, the distance of P, to S is
O [T T
dapp 2., 1% 2ridye,cos 6/2 .

‘prev

The maximum percent error in the approximation is then

Ymax Ti 6
q\\|||\||||H||H|||H|||H|||H|||HllHlllHlllHlH[lE
brev i X EX  d 12 2ridye, cOS G 100

prev
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1

Denoting the probability that the maximum single-hop
distanceisr; r; as py, 7; , the expected value of the upper
bound of percentage error can be calculated by evaluating
(1) for 6 € 0, and r; € 0, R, as in (2). The derivation of
Py, i is provided in Section 3.3.2

z uz R

1
E Ymaz Ti, 0 100 Ymaz Tiy 0 Dr; Ti adrz dé. 2
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Simulation results demonstrate that the amount of error
in the approximation is negligible and upper bounded. In
Fig. 6, the percentage errors are all lower than 2 percent for
all values of a. Fig. 6a illustrates the expected value of the
upper bound of the percentage error with respect to
multihop distance for different values of the angular range
aincase of ¢ 0.001 nodes/ m?. Furthermore, Fig. 6b shows
the expected value of the upper bound of the percentage
error for different values of the node density o with respect
to multihop distance for & /3.

3.2 Maximum Multihop Distance Approximated as a
Sequence of Single-Hop Maximum Distances

To maximize the multihop distance, the maximum dis-
tances of individual single hops are considered within their
angular communication ranges. Note that this is an
approximation as mentioned in Section 3.1. In Fig. 7, node
P;i forwards the packet to the radially furthest node P,.
Furthermore, it is known that no sensor node is located in
the shaded area A; (hence, the area V' x i) since otherwise
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Fig. 7. Multihop distance formation.

such a node would be the furthest node and r; would be
larger. In the rest of the paper, areas which contain no
sensor nodes are referred to as “vacant area.”

In Fig. 7, the next nodes of the multihop transmission at
individual hops are searched within angular communica-
tion ranges that are pointed outward from the source node
S. The lines l;x9, lix1, and [; designate the bisectors of the
angular slices athops ¢ x 1,4,and ¢ 1, respectively. Hence,
the multihop distance is established by a sequence of single-
hop distances. The next section outlines the calculation of
the maximum single-hop distance.

3.3 Analysis of Single-Hop Maximum Distance

During the analysis of single-hop maximum distance r;, the
following facts should be considered:

e Thevacantregion V;.; is known to contain no sensors.

e r; is a random variable whose range is upper
bounded by R and is independent of the angular
deviation 6;.

e The angular deviation ¢; is a random variable
uniformly distributed over a range x%,§ and is
independent of r;.

The analysis of single-hop maximum distance is differ-
ent for the first hop from intermediate nodes since the first
hop does not consider a vacant region 1, which does not
exist by definition. However, the introduction of the vacant
region V. into the analysis of r; is inevitable for
intermediate nodes and requires some additional calcula-
tions due to the shape of V.. Therefore, the single-hop
maximum distance r; is analyzed first, followed by the
analysis of r; for i 2,3,...

3.3.1 First-Hop Maximum Distance

The analysis of first-hop maximum distance r; is the
starting point of our analysis of the more general
intermediate-hop distance r;. In Fig. 8, the location of the
source sensor .S, which is known deterministically, is the
apex of the angular slice of the first hop. The following three
conditions should be satisfied for the furthest distance r; to
be equal to a specific value r;: First, there should be a point
on the circular arc a; on which every point is 7; away from
S. Second, there should be no sensors within the region

Fig. 8. Analysis of first-hop maximum distance.
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arc
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Fig. 9. Analysis of intermediate-hop maximum distance. (a) Vacant
region V., and (b) r.,.

designated as A;. Third, there should be at least one point in
the area S, as shown in Fig. 8, which is in the angular
communication range of the second hop. The last condition
should be met as otherwise connectivity is lost.

Since point locations are uniformly distributed, the
number of points that can be found within a given area
has a Poisson distribution. Furthermore, the number of
points that are found in nonintersecting areas are indepen-
dent random variables. Considering these facts, the prob-
ability that the three conditions are met can be defined as a
function g = Prol(A sensor on arc a;) ProifNo sensors in
A;) Prob(At least one sensor in S3). For an infinitesimal
radial width dr;, ProbA sensor on arc a;) ocaridry.

Using the definition of Poisson distribution and by the

s R*x Rxri *
approximation Area S, ~“——5-"—, g becomes a func-
tion of r; given by
o ’sz'% L1 ao R2x Rxry 2 .
g1 oarye Z 1xe P dry. 3

To find the probability distribution function of rq, the
function g r; should be normalized over the range of
values that r; can take. The pdf of r; is then given by

Z g

Pr, T1 9T g T dry.

0
Then, the expected value E r; of the first-hop maximum
distance r; can be found by the following expression:

Z g

r1pr, T1 dr. 4
0

El‘l

The variance of ry can be calculated as o7, Er;® X
E 11 2. Here, the second moment E r12 of r is determined
using the following equation:

go‘e
E r] r1°py, 71 dry. 5
0

3.3.2 Intermediate-Hop Maximum Distance

The analysis of the maximum distance r; of intermediate
hops is similar to the analysis of r;. However, the vacant
regions V; need also be considered.

In Fig. 9a, the lower bound of the range of values that r;
can take is determined by the vacant region V.. However,
the shape of Vj,; depends on the previous distance r;,; and
the previous angle of deviation 6;x1. Therefore, it is not
possible to define an exact lower bound on the range values
that r; can take for given values of 7;; and ;.. Hence, an
approximate lower bound which takes the area of V. into
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maximum euclidean distance distribution is the estimation of
hop distance between two locations. In fact, hop distance is
usually a more popular metric in WSN research since
parameters like multihop end-to-end delay and total trans-
mission power can be estimated by hop distance. In this
section, hop distance N for a given euclidean distance D is
estimated using the Gamma pdf Model of maximum multi-
hop distance distribution d;, where: 1,2,3,...
The posterior distribution of N for a given D is

P D|N .P N
PND Py VPN _
New P DJi P i

19

where P i is the probability that a randomly selected node
is i+ hops away from the source node.

The maximum a posteriori (MAP) estimate of N is
1

P D|N .PN

NJ\]AP N i R
Nur P Di P i

arg max 20

N

The probability P i can be approximated by calculating
the area where nodes with hop distance ¢ are located and
then taking the ratio of this area to the area of the whole
network. Assuming that a maximum hop distance of N,
is created as a result of the broadcast, we have

. W%% X d?xl
Pi 21

mdy,,,

Hence, (20) is modified to obtain:
1

PDIN . @ B
Ve P Dl dix &y

ix1

NMAP arg maxy 22

Note that the value of N, depends on factors like
topology size, node locations, sensor communication range,
and node density. N,,,, is lower bounded by | D;;/R|, where
Dy, say, is the maximum distance to the source sensor found
in the topology, which is possible in case of infinite node
density. Since node density is finite and connectivity patterns
vary for different topologies, an exact value of N, is
difficult to estimate. However, in (22), N,,,, is canceled out
when taking the ratioof P N and P ¢ , yetitstill appears as
an upper bound of the summation. The pdf P d; has low
tails as observed in Fig. 2c, and the proportion of the pdf
terms for higher hop distances in the summation diminishes
quickly and become negligibly small as i increases. Hence,
for computational purposes, N,q, in (22) can be chosen as an
arbitrarily large number.

Equation (22) provides the MAP estimation of the hop
distance for a given euclidean distance D. However, the
posterior probability P D|N is unknown for individual
values of hop distance i. On the other hand, the distribution
of d; fori 1,2,3,... is modeled by the Gamma pdf and
can be used to calculate P D|N by meeting the following
requirements [13]:

1. DxR dyx1 <D.

2. 0<dj<DxRVj<NxL

3. There must be at least one point in the area A, as
shown in Fig. 12.

Fig. 12. Area A should contain a node.

Hence, P D|N is equal to

PDIN  Prob{dx R dnyx < D}.

23
Prob{0 <d; < D x R}. 1 x ™ .

Area A is calculated using the following equations:

D? &, x R?

Ef;%ﬁ y

A 0 R xyDxzx

Opd?, | X yr.

K3

Hence, P D|N is found by
Zp
P D|N Pdyy dNx1 ddys,
dxR 1
NeZ pxr B 25
pa, dj dd; . 1x e
g1 0
Finally, (25) is plugged in (22) to calculate the MAP
estimation of hop distance for a given euclidean distance D.

5 NUMERICAL RESULTS

In this section, the results of our analytical approximations for
the expected value and standard deviation of the maximum
euclidean distance dy are presented and compared with the
simulation results. Furthermore, the distribution of dy is
approximated using a transformed Gamma distribution for
various node densities. The simulation results are the
averages of 10,000 independent topologies for all values of
the node density, ¢ 0.0005,0.00075,0.001,0.0015, and
0.002 nodes/m’. In each simulation, the source sensor is
placed in the middle of a topology of size 1,600 m 1,600 m.
The communication range of sensor nodesis R 100 m and
the angular rangeisa /3. The simulations are carried out
by a broadcast from the source sensor to the network and
determining the hop distances of individual nodes to the
source. For each hop distance, the greedy propagation locates
the node with the maximum distance to the previously
selected node toward the direction of propagation as outlined
in Section 2.2. The separation between the source sensor and
this new node is recorded as the multihop distance for that
particular hop distance in that simulation.
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5.1 Mean and Standard Deviation of r;

Fig. 13a illustrates the comparison between the simulated
and analytical expected single-hop maximum distance
Er; . The increase in the accuracy of the approximations
with increasing node density can be observed. Further-
more, Er; becomes larger with the increase in node
density. The approximated single-hop distances are close to
the simulation results and the accuracy is enhanced for
higher node densities.

The approximation result of the single-hop standard
deviation oy, is shown in Fig. 13b. With larger node density,
the accuracy of the approximation of o, increases while the
magnitude of o, decreases.

5.2 Mean and Standard Deviation of dn

Fig. 14a illustrates the comparison between analytical and
simulated F dy in case of different node density values o.
It can be observed that E dy monotonically increases for
increasing node density. Furthermore, the approximations
closely match the simulation values with negligible errors
which become even smaller for higher node densities.

The standard deviation of dy is shown in Fig. 14b as an
error bar around the expected value. In this figure, only the
highest and the lowest density values used in the simula-
tions are shown for better visualization of the error bars.
The accuracy of the approximated o4, is higher for the
higher node density. Furthermore, the increase in standard
deviation for increasing hop distance N and lower node
density can be observed.

5.3 Approximation of the pdf of dy

The pdf of the maximum euclidean distance d correspond-
ing to a hop distance NV is approximated by a “transformed”

Fig. 14. Approximation of E dy and oqy. (@) Approximation of E dn
and (b) approximation of oqy.
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Gamma distribution, as explained in Section 2.3. After
calculating £ dy and o4,, the parameters a and b of the
Gamma distribution of the remaining distance z are
calculated. Then, transformation d; iR x x is applied to
get the analytical approximation of the distribution of dy.

In Fig. 15, our approximation of multihop distance
distribution is illustrated for low and high node density
values o 0.0005 nodes/m” and o  0.002 nodes/m? re-
spectively. The distribution of dx becomes more peaked
with increasing node density and the pdf curves corre-
sponding to different values of hop distance N get more
separated from each other due to the decrease in 04, caused
by larger node density.

The comparison of the 1D Model [10], [12] and the
proposed 2D Model is demonstrated in Fig. 16. In this
figure, the root-mean-square error (RMSE) between the
model pdf and the distribution obtained by simulations is
shown. Different corridor widths (W) are evaluated for the
1D Model. In most cases, the least RMSE is obtained for
W R. It is observed that the RMSE of the 2D Model is
less than the RMSE of the 1D Model regardless of the
corridor widths W. Furthermore, the RMSE of the 2D
Model is more invariant to changing hop distance values
when compared with the RMSE of 1D Model. In summary,
Fig. 16 clearly illustrates that our proposed 2D model is a

—=—2D Model
-6~ 1D Model, width = 2R
0012~ —*—1D Model, width =
—%—1D Model, width = Ri2
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4 5
hop distance
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o

hop distance
()

Fig. 16. Root- mean square error of 1D and 2D Models. (a) a
0.0005 nodes/m?, (b) ¢ 0.001 nodes/m?, and (¢) o 0.002 nodes/m?.
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Fig. 17. Topology shape and source locations.

more accurate representation of the planar multihop
maximum distance distribution.

5.4 Edge Effects

The analysis in Section 2 reveals the relationship between
hop distance and euclidean distance in the greedy multihop
forwarding mechanism, as outlined in Section 2.2. In this
section, we study the effect of topology borders on the
proposed estimation method.

Topology borders limit the distance that can be taken in a
multihop path. For an n-hop path (if it exists) toward a
border, the search area of the final hop (hop n) may not be
sufficiently large to form an angular slice, as defined in
Section 2.2. This is an edge effeathich reduces the multihop
path distance.

The edge effect is not observed on an n-hop path when
the distance to the border is sufficiently large. For a
communication range of R, a distance of nR from the
source node to the border ensures that the angular slice
search area of each hop of the greedy multihop forwarding
can be formed without being limited by the border. Hence,
scenarios with source node located at the center of
topologies of size 2nR  2nR avoid the edge effect on paths
of length n and less.

The average multihop distance is determined via
simulations for each hop distance value n. To find the
average distance in n hops for a selected source node
location, 2,000 independent topologies are formed, and for
each topology, a single sample multihop path of n hops is
located. This path is determined by choosing a random
initial direction (as outlined in Section 2.2. Note that if this
random initial direction does not produce a multihop path
of length n, we aggressively scan the whole area for an
angle that produces an n-hop path for that particular
simulation topology. With this setting, some of the n-hop
paths experience distance limitation by the border since the
distance of the source node to the border is not guaranteed
to be sufficiently large to avoid the edge effect. Further-
more, note that with a random choice of propagation
direction, not all the n-hop paths experience a distance
reduction. However, on average, the effect is a decrease in
the expected multihop euclidean distance of a randomly
chosen n-hop path. In the simulations, it is observed that the
reduction in the multihop euclidean distance is largely
caused by the decrease in the distance taken in the final hop
under the edge effects.

In Fig. 18, we study the effect of edges on the multihop
distance estimation in terms of the average of percent error
defined by % error 100 124 where a and e denote an

a 7

549

Fig. 18. Percent error in expected multihop distance estimation due to
the edge effect. Topology size: 5R 5R. Different source locations.
(a) Source node approaching an edge and (b) random source locations,
different node density values.

analytical and a simulation result for a multihop distance
value, respectively. First, the source sensor is placed away
from the topology center and at increasingly closer locations
toward one of the edges. For a topology of size 5R 5R,
these locations are arbitrarily chosen to be at coordinates
x4R,0, x3R,0, x2R,0,and xR,0,where 0,0 isthe
topology center. Fig. 17 demonstrates the topology shape
and the chosen source node locations. Fig. 18a shows the
average percent error in multihop distance estimation with
this set of source locations at topologies of node density
o 0.001 nodes/m”. Note that for each source location
value, a new set of 2,000 independent topologies of random
node locations are formed. For each topology, a single-
sample multihop path is selected for each hop distance n.
Second, we place the source node at randomly selected
locations and vary the node density. Similarly, we form
2,000 independent topologies for each node density value.
The average percent error results are illustrated in Fig. 18b.
In Fig. 18a, when the source node is sufficiently close to
the edge, the percent error graphs make a peak. For instance,
the graph for source location x2R,0 has a peak at hop
distance 4. Note that the shortest distance of this location to
the edge is 3R. Paths of length 3 and less are not affected by
the edge and have comparable percent error with those of
topologies with source node at the center. However, for 4-
hop paths, we observe a peak in percent error as some of
these paths experience a distance reduction in their final
(4th) hops. On the other hand, it is less likely that paths of
higher hop distance are formed toward the edge at this
proximity to the edge; hence, longer paths can be established
in directions away from the edge. Therefore, the average of
the percent error in distance estimation is less for higher
values of n. Similar trends are observed at other source
locations, although the peak of the graph is observed at a
smaller hop distance value for locations closer to the edge.
Another observation in Fig. 18a is that the average percent
error value of the peak location is higher when the source is
closer to the edge. As mentioned before, the peak location is
found at a smaller hop distance when the source node is
closer to the edge. Furthermore, the edge effect is pre-
dominantly on the final hop a multihop path and reduces its
span, with an amount of reduction comparable for all values
of hop distance. Hence, for a smaller hop distance, the
corresponding euclidean distance is smaller and the ratio
between the distance reduction and the path distance gets
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Fig. 19. Estimation of hop distance pmf for & 0.001 nodes/m>.
higher, producing a higher percent error in distance
estimation. (Recall that the estimated multihop distance is
close to the multihop value as obtained without the edge
effects.)

In Fig. 18b, three different node density values are tested
to study the edge effect on distance estimation. The results
demonstrate that for a smaller node density, the edge effect is
less pronounced. This is an expected result since the edge
effect reduces the final hop distance of a multihop path,
which has a stronger limitation on higher densities with
larger single-hop spans. As the node density gets smaller, the
node with the maximum distance in the final hop is located
closer to the most recently selected node (as outlined in
Section 2.2) and its location is limited less frequently by the
topology border. The diminishing character in the average
percent error values is caused by the decrease in the ratio
between the amount of distance in the final hop to the
multihop path distance as the hop distance increases.

5.5 Approximation of Hop Distance pmf, P N|D

The MAP estimator of hop distance N for given euclidean
distance D presented in Section 4 and given by (25) is
studied for randomly selected values of D. Figs. 19 and 20
illustrate the probability mass function obtained by simula-
tions and (19) for randomly deployed networks with
uniform node density values o 0.001 nodes/m® and
o 0.002 nodes/m’, respectively. The results show that
the most likely hop distance is estimated accurately for all
euclidean distances and for both node density values.
Furthermore, there are two major hop distances that are
observed for each euchdean distance D when node density
is ¢ 0.001 nodes/m*, whereas only a single-hop distance
has the dominant probab1l1ty value in the pmf when the
node density is increased to o 0.002 nodes/m” indicating a
more deterministic distribution.

6 CONCLUSION

Determination of the maximum multihop euclidean dis-
tance corresponding to a given hop distance in a 2D
network is a complex problem. In this paper, we propose a
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Fig. 20. Estimation of hop distance pmf for & 0.002 nodes/m>.

greedy distance maximization model which approximates
the maximum multihop euclidean distance in planar net-
works. We demonstrated that the Gaussian pdf used to
model the maximum multihop distance distribution in 1D
networks does not accurately represent the planar distance
distribution. Using maximum likelihood estimation of
distance distributions, we conjectured that the maximum
distance can be accurately modeled by a transformation of
the Gamma distribution. Furthermore, we provided expres-
sions for the expected value and standard deviation of this
distribution, which can be used to compute the parameters
of the distribution and defines it uniquely. In order to
investigate the accuracy of the model, extensive simulations
are made. Distribution results are also used to estimate hop
distance in a planar network using an MAP estimator.

APPENDIX
CALCULATION OF 7,

Derivation of the equivalent radius r., at a hop ¢ is carried
out according to Fig. 21 in Cartesian coordinates and

Fig. 21. Calculation of equivalent radius r.,.
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Ay )

Fig. 22. Calculation of the area of the vacant region V.

requires determining the area of the vacant region V;,; for
the given values of r;.; and 6,4;.

The z- and y-axes lines in (21) are any two lines that are
perpendicular to each other passing through the source
sensor node S which is the origin of the Cartesian
coordinate system. l;x; and [;x» are the bisector lines of
the angular communication ranges of nodes P;; and P,.»,
respectively. Furthermore, the lines /4 and Iz designate the
angular range of the sensor Py;. Points A and B are the
intersection points of the circular arc of the communication
range of Pjxo with I4 and [, respectively.

As can be observed in Fig. 21, the area of the vacant
region is defined by the circular arc of the communication
range of P, and the points A x4,y4 , B zp,yp , and
P,y1 Tix1,¥ix1 - Hence, first, the Cartesian coordinates of
the point P xix1,¥ix1 are calculated by zix1  Zixe
Tix1€08 Wixo  Oix1, and Yix1  ¥ix2 Oix1 ,
where V,,», arctan ng . This requires the coordinate
information P,ys Z;x2,¥yix2 - Note that the choice of the x-
and y-axes lines only makes a rotation of all sensor locations
around the origin S without changing their relative
positions. Hence, as long as the distance d;.» between P,
and S is preserved, the choice of the axis lines determines
the Cartesian coordinates z;x2,¥;x2 and vice versa. There-
fore, we can choose any pair of Coordinﬁ; esRmE:  that
satisfies the distance expression d;x» T Yho

Second, the coordinates z4,y4 and xzp,yp are calcu-
lated using the equations of the lines {4 and [z and the circular
communication range of the sensor P,». This calculation
requires the coordinates of P,.1 xix1,¥ix1 aswell as the angle
Vi1 given by Wi Wxo arccos d’*”;lfiifoﬁa‘“ , where
distance d;; is calculated by

(@ [T RN
2755 1dix2 €OS 1.

Tix1 D Wixo

2 2
dix1 diXQ Tix1

Fig. 22 outlines the calculation of the area of the vacant
region V;y; using the coordinates of the points A x4,y4 ,
B xp,yp , Pix1 Tix1,Vix1 , and Pixs Tix2,Yix2 . As can be
seen in this figure, areas of A; and A,, and the area of the
region Vj,; add up to the area of the angular slice defined
by the points P2, A, and B. Hence, the areas A; and A, are
first determined and then their sum is subtracted from the
area of the angular slice to find the area Vj.;. First, the
lengths [, and [, are calculated. Then, using the definition of
the semimeter s of a triangle and Heron's formula [14] , the
areas A; and A, are calculated by

o [T T T T
SA4 SAX R s4X1ix1 saXxl,

Area A;

and

(o [ T T T
Area As s SpX R spXmrix1 SpXly,
1
s, R

where SA B Tix1 and SB % lb R Tix1 - The
area of the angular slice defined by points P;»1, A, and Bin

Fig. 22 is equal to Area Slice Py, A, B ’TRZ where
1

R a2 x 1,2

6 1 (2 arccos %

.
, L0
arccos rix1” X by
2R7‘7;><1

Hence, the area of the vacant region V;,; and the equivalent
radius r, is given by

| gl
2Area Vg1

Te
? (%

and Area V;y; is given as

y222 o TR ARRR
Area Vi Lx SA SAX R saXTix1 84Xl
(T T T T I
X SBSBXR Sp X Tix1 SBle.
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